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Motivation {#Sec2}
----------

In various applications arising in statistical mechanics, biochemistry, data science and machine learning \[[@CR19], [@CR38], [@CR39], [@CR42]\], it is often necessary to compute expectations$$\documentclass[12pt]{minimal}
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                \begin{document}$$\pi (x)$$\end{document}$ with respect to the Lebesgue measure, known up to the normalization constant.[1](#Fn1){ref-type="fn"} When the dimension *d* is large, standard deterministic quadrature approaches become intractable, and one typically resorts to Markov-chain Monte Carlo (MCMC) methods \[[@CR19], [@CR39], [@CR63]\]. In this approach, $\documentclass[12pt]{minimal}
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                \begin{document}$$X_t$$\end{document}$ is a Markov process chosen to be ergodic with respect to the target distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$f \in L^1(\pi )$$\end{document}$ we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lim _{T\rightarrow \infty } \frac{1}{T}\int _0^T f(X_s)\,ds = \pi (f), \quad \pi - \text{ a.e. } X_0 = x. \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$ possesses a smooth, strictly positive density, then a natural choice for $\documentclass[12pt]{minimal}
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                \begin{document}$$X_t$$\end{document}$ is the overdamped Langevin dynamics$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} dX_t = \nabla \log \pi (X_t)\,dt + \sqrt{2}\,dW_t, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^d$$\end{document}$. Assuming that ([3](#Equ3){ref-type=""}) possesses a unique strong solution which is non-explosive, the process $\documentclass[12pt]{minimal}
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                \begin{document}$$X_t$$\end{document}$ is ergodic, with unique invariant distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$, such that ([2](#Equ2){ref-type=""}) holds. Under additional assumptions on the distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$ and on the observable, this convergence result is accompanied by a central limit theorem which characterizes the asymptotic distribution of the fluctuations of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sqrt{T}\left( \pi _T({f}) - \pi ({f})\right) {\mathop \rightharpoonup \limits ^{\mathcal {D}}} \mathcal {N}(0, \sigma _f^2), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _f^2$$\end{document}$ is known as the asymptotic variance for the observable *f*. For the reversible process ([3](#Equ3){ref-type=""}) started from stationarity (i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$X_0 \sim \pi $$\end{document}$), the Kipnis--Varadhan theorem \[[@CR12], [@CR32]\] implies that ([4](#Equ4){ref-type=""}) holds with asymptotic variance$$\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \cdot , \cdot \rangle _\pi $$\end{document}$ is the inner product in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {S}$$\end{document}$ is the infinitesimal generator of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {S} = \nabla \log \pi (x) \nabla \cdot + \Delta . \end{aligned}$$\end{document}$$Sampling methods based on Langevin diffusions have become increasingly popular due to their wide applicability and relative ease of implementation. In practice, a discretisation of ([3](#Equ3){ref-type=""}) may be used, which in general, will not be ergodic with respect to the target distribution $\documentclass[12pt]{minimal}
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The computational cost required to approximate $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _T(f)$$\end{document}$ to a given level of accuracy depends on the target distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$, the observable *f* and the process $\documentclass[12pt]{minimal}
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                \begin{document}$$X_t$$\end{document}$ over which the long-time average is generated. Quite often, $\documentclass[12pt]{minimal}
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                \begin{document}$$X_t$$\end{document}$ will exhibit some form of metastability \[[@CR10], [@CR11], [@CR36], [@CR66]\]: the process $\documentclass[12pt]{minimal}
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                \begin{document}$$X_t$$\end{document}$ will remain trapped for a long time exploring one mode, with transitions between different modes occurring over longer timescales. When the observable depends directly on the metastable degrees of freedom (i.e. the observable takes different values in different metastable regions), the asymptotic variance $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _T(f)$$\end{document}$ may be very large. As a result, more samples are required to obtain an estimate of $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$ is tightly concentrated along a low-dimensional submanifold of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^d$$\end{document}$, as illustrated in Fig. [1](#Fig1){ref-type="fig"}. In this case, reversible dynamics, such as ([3](#Equ3){ref-type=""}) will cause a very slow exploration of the support of $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _T(f)$$\end{document}$ will exhibit very large variance for observables which vary strongly along the manifold.Fig. 1Trajectories of a reversible MALA chain and a nonreversible Langevin sampler generating samples from a warped Gaussian distribution. The mass of the distribution is concentrated along a one-dimensional submanifold. Reversible samplers, such as MALA, perform a very slow exploration of the distribution, spending large amounts of time concentrated around a small region of the submanifold. On the other hand, nonreversible samplers are able to perform long "jumps" along the level-curves of the distribution, thus able to explore the distribution far more effectively (Color figure online)

As there are infinitely[2](#Fn2){ref-type="fn"} many Markov processes with invariant distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$, a natural question is whether such a process can be chosen to have optimal performance. The two standard optimality criteria that are commonly used are:With respect to speeding up convergence to the target distribution.With respect to minimizing the asymptotic variance.These criteria can be used in order to introduce a partial ordering in the set of Markov chains or diffusion processes that are ergodic with respect to a given probability distribution \[[@CR50], [@CR59]\]. From a practical perspective, the definite optimality criterion is that of minimizing the computational cost. We address this issue (at least partially) later in this paper.

Within the family of reversible samplers, much work has been done to derive samplers which exhibit good (if not optimal) computational performance. This has motivated a number of variants of MALA which exploit geometric features of $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$ to explore the state space more effectively, including preconditioned MALA \[[@CR64]\], Riemannian Manifold MALA \[[@CR20]\] and Stochastic Newton Methods \[[@CR45]\].

Nonreversible Langevin Dynamics {#Sec3}
-------------------------------

An MCMC scheme which departs from the assumption of reversible dynamics is Hamiltonian MCMC \[[@CR53]\], which has proved successful in Bayesian inference. By augmenting the state space with a momentum variable, proposals for the next step of the Markov chain are generated by following Hamiltonian dynamics over a large, fixed time interval. The resulting nonreversible chain is able to make distant proposals. Various methods have been proposed which are related to this general idea of breaking nonreversibility by introducing an additional dimension to the state space and introducing dynamics which explore the enlarged space while still preserving the equilibrium distribution. In particular, the lifting method \[[@CR15], [@CR27], [@CR71]\] is one such method applied to discrete state systems, where the Markov chain is "lifted" from the state space $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega \times \lbrace 1, -1 \rbrace $$\end{document}$. The transition probabilities in each copy are modified to introduce transitions between the copies to preserve the invariant distribution but now promote the sampler to generate long strides or trajectories. Similar methods based on introducing nonreversibility into the dynamics of discrete state chains to speed up convergence have been applied with success in various applications \[[@CR9], [@CR26], [@CR52], [@CR68], [@CR69]\]. These methods are also reminiscent of parallel tempering or replica exchange MCMC \[[@CR51]\], which are aimed at efficiently sampling from multimodal distributions.

It is well documented that breaking detailed balance, i.e. considering a nonreversible diffusion process that is ergodic with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$, can help accelerate convergence to equilibrium. In fact, it has been proved that, among all diffusion processes with additive noise that are ergodic with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$ and that preserves the invariant measure of the dynamics will always accelerate convergence to equilibrium \[[@CR28], [@CR29], [@CR37], [@CR54], [@CR61], [@CR72]\]. The optimal nonreversible perturbation can be identified and obtained in an algorithmic manner for diffusions with linear drift, whose invariant distribution is Gaussian \[[@CR37]\]; see also \[[@CR72]\].

The effect of nonreversibility in the dynamics on the asymptotic variance has also been studied. In \[[@CR61]\] it is shown that small antisymmetric perturbations of the reversible dynamics always decrease the asymptotic variance, and more recently in \[[@CR62]\] Friedlin--Wentzell theory is used to study the limit of infinitely strong antisymmetric perturbations. In \[[@CR30]\] the authors use spectral theory for selfadjoint operators to study the effect of antisymmetric perturbations on diffusions on both $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^d$$\end{document}$ and on compact manifolds and provide a general comparison result between reversible and nonreversible diffusions. This work is related with previous studies on the behavior of the spectral gap of the generator when the strength of the nonreversible perturbation is increased \[[@CR13], [@CR18]\].

Objectives of This Paper {#Sec4}
------------------------

In this paper we present a detailed analytical and computational study of the effect of adding a nonreversible drift to the reversible overdamped Langevin dynamics ([3](#Equ3){ref-type=""}) on the asymptotic variance $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ which measures the strength of the deviation from reversible dynamics. The generator of the diffusion process $\documentclass[12pt]{minimal}
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The effect of the antisymmetric part on the long time dynamics of diffusion processes has been also studied extensively in the context of turbulent diffusion \[[@CR43]\] and fluid mixing. The effect of an incompressible flow on the convergence of the solution to the advection--diffusion equation on a compact manifold to its mean value (i.e. when $\documentclass[12pt]{minimal}
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Our analysis of the asymptotic variance $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^2_f$$\end{document}$, based on the careful study of the Poisson Eq. ([10](#Equ10){ref-type=""}), enables us to study in detail the problem of finding the nonreversible perturbation giving rise to minimum asymptotic variance for diffusions with linear drift, i.e. diffusions whose invariant measure is Gaussian, over a large class of observables. Diffusions with linear drift were considered in \[[@CR37]\] where the optimal nonreversible perturbation with respect to accelerating convergence was obtained. For linear and quadratic observables, we can give a complete solution to this problem, and construct nonreversible perturbations that provide a dramatic reduction in asymptotic variance. Moreover, we demonstrate that the conditions under which the variance is reduced are very different from those of maximising the spectral gap discussed in \[[@CR37]\]. In particular, we show how a nonreversible perturbation can dramatically reduce the asymptotic variance for the estimator $\documentclass[12pt]{minimal}
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Guided by our theoretical results, we can then study numerically the reduction in the asymptotic variance due to the addition of a nonreversible drift for some toy models from molecular dynamics. In particular, we study the problem of computing expectations of observables with respect to a warped Gaussian \[[@CR23]\] in two dimensions, as well as a simple model for a dimer in a solvent \[[@CR38]\]. The numerical experiments reported in this paper illustrate that a judicious choice of the nonreversible perturbation, dependent on the target distribution and the observable, can dramatically reduce the asymptotic variance.
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                \begin{document}$$\alpha $$\end{document}$ arbitrarily will give rise to a large discretisation error which must be controlled by taking smaller timesteps. A natural question is whether the increase in the computational cost due to the necessity of taking smaller timesteps negates any benefits of the resulting variance reduction. To study this problem, we compare the computational cost of the unadjusted nonreversible Langevin sampler with the corresponding MALA scheme.[3](#Fn3){ref-type="fn"} Our numerical results, together with the theoretical analysis for diffusions with linear drift, show that the nonreversible Langevin sampler can outperform the MALA algorithm, provided that the nonreversible perturbation is well-chosen. Finally, we consider a higher order numerical scheme for generating samples of ([6](#Equ6){ref-type=""}), based on splitting the reversible and nonreversible dynamics. Numerically, we investigate the properties of this integrator, and demonstrate that its improved stability and discretisation error make it a good numerical scheme for computing the estimator $\documentclass[12pt]{minimal}
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The rest of the paper is organized as follows. In Sect. [2](#Sec5){ref-type="sec"} we describe how the central limit theorem ([4](#Equ4){ref-type=""}) arises from the solution of the Poisson equation associated with the generator of the dynamics. In Sect.  [3](#Sec6){ref-type="sec"} we analyse the asymptotic variance and formulate the problem of finding the optimal perturbation with respect to minimising $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$. In Sect. [4](#Sec11){ref-type="sec"}, we consider the case of Gaussian diffusions, which are amenable to explicit calculation to demonstrate the theory presented in this paper. In Sect. [5](#Sec14){ref-type="sec"}, we provide various numerical examples to complement the theoretical results. Finally, in Sect. [6](#Sec19){ref-type="sec"} we describe the bias-variance tradeoff for nonreversible Langevin samplers, and explore their computational cost. Conclusions and discussion on further work are presented in Sect. [7](#Sec20){ref-type="sec"}.

The Central Limit Theorem and Estimates on the Asymptotic Variance via the Poisson Equation {#Sec5}
===========================================================================================

In this section we make explicit some sufficient conditions under which the estimator$$\documentclass[12pt]{minimal}
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**Assumption A** (*Foster--Lyapunov Criterion*) There exists a function $\documentclass[12pt]{minimal}
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**Lemma 1** {#FPar1}
-----------

\[[@CR65], Theorem 3.3\] Suppose that Assumption B holds then the Foster--Lyapunov criterion holds for ([3](#Equ3){ref-type=""}) with$$\documentclass[12pt]{minimal}
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*Remark 1* {#FPar3}
----------
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**Theorem 1** {#FPar4}
-------------

\[[@CR12], Thm 8.3\], \[[@CR16], Thm 3.10, 3.12\], \[[@CR17], Thm 5.2.c\] Suppose that Assumption A holds for ([6](#Equ6){ref-type=""}), with Lyapunov function *U*. Then there exist positive constants *c* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ such that, for all *x*,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left| \left| p^\gamma _t(x, \cdot ) - \pi \right| \right| _{TV} \le cU(x)e^{-\lambda t}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p^\gamma _t(x, \cdot )$$\end{document}$ denotes the law of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_t^\gamma $$\end{document}$ given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_0^\gamma = x$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left| \left| \cdot \right| \right| _{TV}$$\end{document}$ denotes the total variation norm. In particular, for any probability measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu $$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U \in L^1(\nu )$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{t\rightarrow +\infty }\left| \left| (P_t^\gamma )^*\nu - \pi \right| \right| _{TV} = 0, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(P_t^\gamma )^*$$\end{document}$ denotes the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2(\mathbb {R}^d)$$\end{document}$ adjoint of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_t^\gamma $$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$
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**Theorem 2** {#FPar5}
-------------
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**Theorem 3** {#FPar6}
-------------

\[[@CR21], Thm 4.4\] If Assumption A holds for Lyapunov function *U*, then for any *f* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f^2(x) \le U(x)$$\end{document}$, there exists a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 < \sigma ^2_f < \infty $$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sqrt{t}(\pi _t(f) - \pi (f))$$\end{document}$ converges in distribution to an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {N}(0, \sigma ^2_f)$$\end{document}$ distribution, as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \rightarrow \infty $$\end{document}$, for any initial distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu $$\end{document}$, where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sigma ^2_f = 2\int _{\mathbb {R}^d} \left| \nabla \phi (x)\right| ^2\,\pi (dx). \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

In the remainder of this paper we shall study the dependence of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi $$\end{document}$, and thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^2_f$$\end{document}$ on the choice of non-reversible perturbation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$. We note that ([16](#Equ16){ref-type=""}) is precisely the Dirichlet form associated with the dynamics $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {L}$$\end{document}$ evaluated at the solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi $$\end{document}$ of the Poisson Eq. ([13](#Equ13){ref-type=""}).

Analysis of the Asymptotic Variance {#Sec6}
===================================

Mathematical Setting {#Sec7}
--------------------
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### **Lemma 2** {#FPar7}
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Throughout this section, we shall assume that Assumptions B and C hold, and moreover, for simplicity we shall make the following additional assumption:
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We believe that this assumption could be relaxed, see in particular \[[@CR30]\] for more general assumptions under which the following results should hold. We stick here to a simple presentation. In practice, this assumption is not very stringent. Indeed, suppose that there exists a smooth function $\documentclass[12pt]{minimal}
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An Expression for the Asymptotic Variance {#Sec8}
-----------------------------------------

The main objective of this paper is to study the effect of the nonreversible perturbation $\documentclass[12pt]{minimal}
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### **Lemma 3** {#FPar9}
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### *Proof* {#FPar10}
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Thus, the asymptotic variance is never increased by introducing a nonreversible perturbation, for all $\documentclass[12pt]{minimal}
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Quantitative Estimates for the Asymptotic Variance {#Sec9}
--------------------------------------------------

In this section we derive quantitative versions of ([29](#Equ29){ref-type=""}) and ([30](#Equ30){ref-type=""}), using techniques developed in \[[@CR58]\] for the analysis of the Green--Kubo formula, which is itself based on earlier work on the estimation of the eddy diffusivity in turbulent diffusion \[[@CR2], [@CR8], [@CR44], [@CR57]\].
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### **Lemma 4** {#FPar11}

Suppose that Assumption D holds, then the operator $\documentclass[12pt]{minimal}
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### **Lemma 5** {#FPar13}
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A Two Dimensional Example {#Sec10}
-------------------------

In this section we present a simple example on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^2$$\end{document}$. Consider the problem of calculating $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi (f)$$\end{document}$ with respect to the Gaussian distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi (x) = \frac{1}{Z}e^{-|x|^2/2}$$\end{document}$. The reversible overdamped Langevin equation corresponding to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$ is given by the OU process:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} dX_t = -X_t\,dt + \sqrt{2}\,dW_t. \end{aligned}$$\end{document}$$We introduce an antisymmetric perturbation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \gamma (X_t)$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma (x)$$\end{document}$ is the flow given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \gamma (x) = \left( \begin{array}{cc} x_2 \\ -x_1 \end{array}\right) . \\ \end{aligned}$$\end{document}$$The infinitesimal generator for the perturbed nonreversible dynamics is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {L} = \mathcal {S} + \alpha \mathcal {A}, \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {S}f(x) = -x\cdot \nabla f(x) + \Delta f(x) \quad \text{ and } \quad \mathcal {A}f(x) = \gamma (x)\cdot \nabla f(x). \end{aligned}$$\end{document}$$In polar coordinates, this is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {L}f(r,\theta )= & {} \left( -r + \frac{1}{r}\right) \partial _r f(r, \theta ) + \partial _{r,r}f(r, \theta ) + \alpha \partial _{\theta }f(r, \theta )\\&+ \frac{1}{r^2}f_{\theta ,\theta }(r, \theta ),\quad (r,\theta ) \in \mathbb {R}_{> 0}\times (0,2\pi ). \end{aligned}$$\end{document}$$As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\alpha | \rightarrow +\infty $$\end{document}$, we expect the deterministic flow to move increasingly along the level curves of the distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi (x)$$\end{document}$. Given an observable *f*, any variance in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _T(f)$$\end{document}$ arising from the variation of *f* along the level curves should vanish as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\alpha |\rightarrow \infty $$\end{document}$, leaving only the variance contributed by the variation of *f* between level curves. We make this precise with a particular example. Consider the observable $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x_1,x_2) = 2 x_1^2$$\end{document}$, expressible in polar coordinates as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f(r, \theta ) = 2r^2\cos ^2(\theta ) = r^2\left( 1+ \cos (2 \theta )\right) . \end{aligned}$$\end{document}$$Noting that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi (f) = 2$$\end{document}$, it is straightforward to check that the Poisson equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\mathcal {L}\phi = f - \pi (f)$$\end{document}$, has mean zero solution given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \phi (r, \theta ) = \left( \frac{r^2}{2} - 1\right) + \frac{r^2}{2}\frac{\left( \cos (2\theta ) - \alpha \sin (2\theta ) \right) }{1 + \alpha ^2} \end{aligned}$$\end{document}$$The asymptotic variance can be evaluated directly as follows$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sigma ^2_f&= 2\left\langle \phi , (-\mathcal {L})\phi \right\rangle _{\pi } \\&= \,\frac{2}{Z}\int _0^{2\pi }\int _{0}^{\infty } \left( \left( \frac{r^2}{2} - 1\right) + \frac{r^2}{2}\frac{\left( \cos (2\theta ) - \alpha \sin (2\theta ) \right) }{1 + \alpha ^2}\right) \left( r^2(1 + \cos (2\theta )) - 2\right) r e^{-r^2/2}\,dr\,d\theta \\&= \,4\left( 1 + \frac{1}{1 + \alpha ^2}\right) . \end{aligned}$$\end{document}$$Therefore, as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\alpha |\rightarrow \infty $$\end{document}$, the asymptotic variance converges to 4. We note that, in this case,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hat{f} = (-\mathcal {S})^{-1} \left( f - \pi (f)\right) = \left( \frac{r^2}{2} - 1\right) + \frac{r^2}{2}\left( \cos (2\theta ) \right) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left( {r^2}/{2} - 1\right) $$\end{document}$ is perpendicular to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${r^2}/{2} \cos (2\theta )$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal H}^1$$\end{document}$. Since the nullspace of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}$$\end{document}$ consists of all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal H}^1$$\end{document}$ functions which depend only on *r*, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{f}_{\mathcal {N}} = r^2/2 - 1$$\end{document}$. It follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\left| \left| \hat{f}_{\mathcal {N}}\right| \right| ^2_{1} = 4$$\end{document}$, so that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{|\alpha |\rightarrow \infty }\sigma ^2_f(\alpha ) = 2\left| \left| \hat{f}_{\mathcal {N}}\right| \right| ^2_{1}, \end{aligned}$$\end{document}$$which agrees with the conclusions of Theorem [4](#FPar15){ref-type="sec"}. As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\alpha |\rightarrow \infty $$\end{document}$, the motion in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$ direction is averaged out. Indeed, in this limit, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\left| \left| \hat{f}_{\mathcal {N}}\right| \right| ^2_{1}$$\end{document}$ corresponds to the asymptotic variance of the observable $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _0^T r_t^2 \,dt$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_t$$\end{document}$ is the following 1D reversible process,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} dr_t = \left( -r_t + \frac{1}{r_t}\right) \,dt + \sqrt{2}\,dW_t, \quad r_0 > 0. \end{aligned}$$\end{document}$$For more general observables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(r, \theta )$$\end{document}$, we expect maximum variance reduction as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\alpha |\rightarrow \infty $$\end{document}$ when *f* varies strongly with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$. In the other extreme, we expect zero improvement when *f* depends only on *r*. This intuition is formalised in the following section, in particular in Proposition [1](#FPar16){ref-type="sec"} and the subsequent bound ([51](#Equ53){ref-type=""}).

For more general potentials, using a flow field of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma (x) = J\nabla \log \pi (x)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J^\top = -J$$\end{document}$, the mechanism for reducing the asymptotic variance is analogous: the large antisymmetric drift gives rise to fast deterministic mixing along the level curves of the potential, while the reversible dynamics induce slow diffusive motion along the gradient of the potential. When the nullspace of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}$$\end{document}$ is trivial in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal H}^1$$\end{document}$, the fast deterministic flow is ergodic, so that, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ large, the antisymmetric component will cause a rapid exploration of the entire state space. Consequently, the asymptotic variance converges to 0 as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \rightarrow \infty $$\end{document}$. On the other hand, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}$$\end{document}$ has a nontrivial nullspace, the antisymmetric perturbation is no longer ergodic, and the state space can be decomposed into components such that the rapid flow behaves ergodically in each individual component. In the limit of large $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_t$$\end{document}$ becomes a fast-slow system, with rapid exploration within the ergodic components coupled to a slow diffusion between components. Very recently, Rey-Bellet and Spiliopoulos \[[@CR62]\] have applied Freidlin--Wenzell theory to rigorously analyse this case in the large $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ limit for a large class of potentials.

Nonreversible Perturbations of Gaussian Diffusions {#Sec11}
==================================================

For the case when the target distribution is Gaussian, the SDE ([6](#Equ6){ref-type=""}) for $\documentclass[12pt]{minimal}
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Explicit Formula for the Asymptotic Variance {#Sec12}
--------------------------------------------

We shall assume that the observable *f* is a quadratic functional of the form$$\documentclass[12pt]{minimal}
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### **Proposition 1** {#FPar16}
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### *Proof* {#FPar17}
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Numerical Experiments {#Sec14}
=====================
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Periodic Distribution {#Sec15}
---------------------
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Warped Gaussian Distribution {#Sec16}
----------------------------

As a second numerical example we consider computing an observable with respect to a two-dimensional warped Gaussian distribution \[[@CR23]\], defined by ([54](#Equ56){ref-type=""}) with$$\documentclass[12pt]{minimal}
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The nonreversible perturbation is chosen to be:$$\documentclass[12pt]{minimal}
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Introducing a Metropolis--Hastings Accept--Reject Step {#Sec17}
------------------------------------------------------

When sampling from a distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta t$$\end{document}$. Thus, introducing a Metropolis--Hastings accept--reject step allows for far larger stepsizes to be used, while still preserving the correct invariant distribution of the chain, eliminating any bias arising from the discretisation of the SDE, making it beneficial both in terms of computational performance and stability.

A natural question is whether an MH chain using a proposal distribution based on the SDE ([6](#Equ6){ref-type=""}) with antisymmetric drift will inherit the superior mixing properties of the nonreversible diffusion process. As the MH algorithm works by enforcing the detailed balance of the chain $\documentclass[12pt]{minimal}
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Dimer in a Solvent {#Sec18}
------------------

We now test the effect of adding a nonreversible perturbation to a test model from molecular dynamics, as described in \[[@CR38], Sect. 1.3.2.4\]. We consider a system composed of *N* particles $\documentclass[12pt]{minimal}
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Using an Euler--Maruyama discretisation of ([63](#Equ65){ref-type=""}), samples are generated for $\documentclass[12pt]{minimal}
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The Computational Cost of Nonreversible Langevin Samplers {#Sec19}
=========================================================

As observed Sect. [5](#Sec14){ref-type="sec"}, while increasing $\documentclass[12pt]{minimal}
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To obtain a clearer idea of the bias variance tradeoff we compute the mean-square error for the Euler--Maruyama discretisation for two particular examples. In Fig. [7](#Fig7){ref-type="fig"}a, we consider the warped Gaussian distribution defined by ([58](#Equ60){ref-type=""}) and the observable $\documentclass[12pt]{minimal}
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A trade-off between discretisation error and variance is evident from Fig. [7](#Fig7){ref-type="fig"}a, and is consistent with the error estimate ([64](#Equ66){ref-type=""}). We observe that the nonreversible Langevin sampler outperforms the reversible Langevin sampler by an order of magnitude, with the lowest MSE attained when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha = 10$$\end{document}$. As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ is increased beyond this point, the discretisation error is balanced by the decrease in variance, and we observe no further gain in performance. Nonetheless, despite the fact that the MALA scheme has no bias, the nonreversible sampler, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha = 5$$\end{document}$, outperforms MALA (in terms of MSE) by a significant factor of 8.8.

We repeat this numerical experiment for the target distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$ given by a standard Gaussian distribution in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^d$$\end{document}$ and observable $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x) = x_2 + x_3$$\end{document}$. In this case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi (f)$$\end{document}$ is exacty 0. We use the linear diffusion specified by ([41](#Equ41){ref-type=""}) where the antisymmetric matrix *J* is given in ([52](#Equ54){ref-type=""}), which is optimal for this observable. We plot the (absolute) MSE for the estimator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _T(f)$$\end{document}$ in Fig. [8](#Fig8){ref-type="fig"}a. While the smallest MSE is attained by the nonreversible Langevin sampler, when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha = 25$$\end{document}$, the increase in performance is only marginal. This is due to the fact that increasingly smaller timesteps must be taken to ensure that the EM approximation does not blow up. Indeed, the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha = 25$$\end{document}$ sampler would not converge to a finite value for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta t$$\end{document}$ greater than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$10^{-3}$$\end{document}$, while the reversible sampler ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha = 0$$\end{document}$) and the MALA scheme were accurate even for timesteps of order 1.

From both examples it is clear that managing the numerical stability and discretisation error of the skew-symmetric drift term is essential for any practical implementation of the nonreversible sampling scheme. This suggests that using higher order and/or more stable numerical integrators to compute long time averages would be beneficial to eliminate the bias arising from discretisation, as well as permit the use of larger timesteps. Naturally, such schemes would require multiple evaluations of $\documentclass[12pt]{minimal}
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We leave the justification and analysis of this scheme as the goal of future work, and in this paper simply use it to compute a long time average approximation to $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha = 0$$\end{document}$ case since, in this case, the splitting scheme reduces to standard the MALA scheme. We observe that with this splitting scheme, the nonreversible sampler outperforms MALA by a factor of 13 for the warped Gaussian model, and by a factor of 20 for the standard Gaussian model. The benefits of the splitting scheme appear to be twofold: firstly the integrator is more stable, in both models, the long time simulation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta t = 0.1$$\end{document}$. Moreover, compared to the corresponding Euler--Maruyama discretisation, the MSE is consistently an order of magnitude less.

While this splitting scheme is only a first step into properly investigating appropriate integrators for nonreversible Langevin schemes, the above numerical experiments demonstrate clearly that there is a significant benefit in doing so, which motivates future investigation.

Conclusions and Further Work {#Sec20}
============================

In this paper we have presented a detailed analytical and numerical study of the effect of nonreversible perturbations to Langevin samplers. In particular, we have focused on the effect on the asymptotic variance of adding a nonreversible drift to the overdamped Langevin dynamics. Our theoretical analysis, presented for diffusions with periodic coefficients and for diffusions with linear drift for which a complete analytical study can be performed, and our numerical investigations on toy models clearly show that a judicious choice of the nonreversible drift can lead to a substantial reduction in the asymptotic variance. On the other hand, as observed from the dimer model example in Sect. [5.4](#Sec18){ref-type="sec"}, an arbitrary choice of nonreversible drift will not always give rise to significant improvement. We have also presented a careful study of the computational cost of the algorithm based on a nonreversible Langevin sampler, in which the competing effects of reducing the asymptotic variance and of increasing the stiffness due to the addition of a nonreversible drift are monitored. The main conclusions that can be drawn from our numerical experiments is that a nonreversible Langevin sampler with close-to-the-optimal choice of the nonreversible drift significantly outperforms the (reversible) Metropolis--Hastings sampler.

There are many open problems that need to be studied further:The effect of using degenerate, hypoelliptic diffusions for sampling from a given distribution.Combining the use of nonreversible Langevin samplers with standard variance reduction techniques such as the zero variance reduction MCMC methodology \[[@CR14]\].Optimizing Langevin samplers within the class of reversible diffusions.The development of nonreversible Metropolis--Hastings algorithms based on the above techniques, possibly related to approach described in \[[@CR9]\].The development and analysis of numerical schemes specifically designed to simulate nonreversible Langevin diffusions.All these topics are currently under investigation.
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As we illustrate in our paper, there is no point in considering the Metropolis adjusted sampler with a nonreversible proposal, since the addition of the accept--reject step renders the resulting Markov chain reversible and any nonreversibility-induced variance reduction is lost.
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